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Elasticity of Subsitution

The elasticity of substitution (defined as a positive number) is

σ :=
1

− ∂ log(fL/fK)
∂ log(L/K)

It measures how fast the curvature of the isoquant changes when factor
proportion changes

Under cost minimization, fL/fK = w/r. So we can also write

σ = −
∂ log(L∗/K∗)
∂ log(w/r)

where L∗ and K∗ are the cost-minimizing input demands
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Labor Demand Elasticity

The compensated elasticity of labor demand (defined as a positive number) is

ε̂ := −
∂ log L∗

∂ log w

Normalize other prices to r= p= 1. Then

σ = ε̂ +
∂ log K∗

∂ log w

Along a compensated demand curve, output is held constant. Therefore
f(L∗, K∗) = y implies
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�

= 0

Under competition, fL = w and fK = r. Let α= wL∗/(wL∗ + rK∗) be the labor
cost share.

−αε̂ + (1−α)
∂ log K∗

∂ log w
= 0
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Labor Demand Elasticity—Continued

Eliminate ∂ log K∗/∂ log w gives a relation between elasticity of substitution
and compensated elasticity of labor demand:

ε̂ = (1−α)σ

We still need to consider the scale effect:
When w increases by 1 percent, total cost (and average cost) increases by α
percent

Under competition, output price increases by α percent

If the price elasticity of (output) demand is η (a defined as a positive number),
output decreases by αη percent

Under constant returns to scale, factor proportions do not change when output
changes. So labor demand also decreases by αη percent
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Hicks-Marshall Laws of Derived Demand

If ε is the elasticity of labor demand (defined as a positive number),

ε = (1−α)σ+αη

Hicks-Marshall Laws: Labor demand is more elastic if:
the price elasticity of demand for the final product is large (η is large)

other factors of production can be easily substituted for this type of labor (σ is
large)

the supply of other factors of production is highly elastic (w increases, firms
demand more K, if supply of K is elastic r will not rise much, so that w/r remains
high)

the cost of employing this type of labor is a large fraction of total cost (α is
large). [Note that the fourth law is valid only when η > σ]
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Applications

Demand for pilots is more inelastic than garment workers
demand for air travel is more inelastic than demand for clothing made in one
particular country

pilots make up a small fraction of an airline’s costs

limited opportunity for labor-capital substitution (although some substitution is
still possible)

labor unions are less powerful if labor demand is highly elastic, because
unions have to worry about their members losing jobs even if they
successfully raise wages→ a pilots union is much more powerful than a
garment workers union
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Trucking Unions

In the trucking industry, labor unions benefit from less competitive product
markets:

Full truckload market: trucks go directly from shipper to destination (more
competitive; even individuals truckers can enter the market)

Less-than-truckload market: multiple shipments on each truck to multiple
destinations (less competitive; because it requires complex logistics)

Unions are more powerful in the less-than-truckload market (union premium
is 34%) than in the truckload market (union premium is 23%)
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Cross Elasticity of Labor Demand

What happens to labor demand when capital becomes more expensive?

Recall that the elasticity of substitution is σ = −∂ log(L∗/K∗)/∂ log(w/r). A
one percent increase in r is the same as a one percent fall in w

Therefore, the substitution effect suggests that labor demand increases by
(1−α)σ percent

Capital’s share in total cost is (1−α). When r increases by one percent,
average cost and therefore output price increases by 1−α percent, and so
output decreases by (1−α)η percent. Under constant returns to scale, the
demand for labor decreases by (1−α)η percent

The overall effect is

∂ log L
∂ log r

= (1−α)σ− (1−α)η
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Technological Progress

One way to think about technological progress is that capital has become
progressively cheaper relative to labor

Our analysis suggests that technological progress does not necessarily destroy
jobs. There are counteracting substitution effect and scale effect on labor
demand

Lecture 6 Laws of Derived Demand 9 / 11



Total Wage Bill

Total wage bill is simply wL

The logarithm of wage bill is log w+ log L. Therefore,

∂ log(wage bill)
∂ log w

= 1− ε

A higher wage increases total wage bill if and only if ε < 1 (the demand for
labor is inelastic)
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Labor Income Share

Labor income share is

labor share=
wL∗

wL∗ + rK∗
=

(w/r)(L∗/K∗)
(w/r)(L∗/K∗) + 1

Labor share increases with w/r whenever (w/r)(L∗/K∗) increases with w/r,
which is true whenever σ < 1

Capital accumulation tends to increase w/r, which will raise labor share if
σ < 1

Most empirical studies tend to suggest that the elasticity of substitution is less
than 1

Difficult to sustain the prediction that capital accumulation will increase the
share of income going to capitalists (Capital in the Twenty-First Century)
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